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Remainders
For all a and b # 0 there are g and 0 < r < |b| with

a=bqg+r

@ Such r is the remainder Rp(a)
e We write x|y iff x divides y
o x|y <= dexc=y
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Ideals

(a, b) = {aa+ bf|a, B € Z}

e For example, in (2,3) =7, since =1 %2+ 1%3 =1 and we can
generate any number from there
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Every integer has a unique prime factorization. We write
_—i
i

where p; are the prime factors

@ For example, 30 =2%3 %5

Remember that 1 is not a prime and that [[; =1 )
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GCD

Greatest Common Divisor
The greatest common divisor of x and y is a number g such that

glxNgly

and g is divided by all other common divisors of x and y.

ged(x, y) denotes the positive gcd. A ged can in general also be negative
and there can be more than one.

o If gcd(x,y) =1 then they are coprime
@ There are «, 3 such that gcd(a, b) = aa + b
@ Section 4.3.3.: Representation with prime factors
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Euclid Algorithm

ged(m, n) = ged(m, Rpm(n)) )

Euclid Algorithm
@ Start with m and n.

@ Take the larger number and calculate its remainder modulo the
smaller number. Replace the larger number with that

© Repeat (2) until the remainder is 0. The other number left is the ged.

Example:
e (75, 10)
o (5, 10) because 75 - 7*10 = 5
e (5, 0) because 10 - 2*5 =0
@ gcdis b
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Modular Arithmetic

a=mb

<~ m|(a—b)

<= a=b+ km for some k
<= b=a+ km for some k
<= Rmn(a) = Rm(b)

@ When calculating under =,, we can always add any multiple of m to
any number. So 5 =4 11 = —1
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Remainders

Pulling R inside

R(x") = R(R(x)") for any remainder.

This does not hold for the power! It does not hold that R(x") = R(XR(”))J

o Rs(6123123) = Ry(R5(6)123123) = Ry(1) = 1

Not exam relevant tricks:
o If the sum of digits is divisible by 3 / 9, then the number is too
o If the last 2 / 3 digits are divisible by 4 / 8, then the number is too
@ and more ...
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Multiplicative Inverse

Multiplicative Inverse

If gcd(x, m) =1 then there is a ¢ such that xc =5, 1. This c is the
multiplicative inverse of x modulo m.

How do we find it?
@ We need ¢ with xc =, 1
@ Which means there is k with xc + km =1
@ Extended Euclid Algorithm finds such ¢ and k

@ In the exam: Extended Euclid or trial and error or have a table with
them on cheatsheet for small x and m
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